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INTRODUCTION

The Grey systematic theory is proposed by Chinese profes-
sor Deng (1982). In the theory, there is not only a large
amount of known information called white system, but also
much unknown and uncertain information called black sys-
tem. The system including white system and black systemis
called grey system. Contaminant transport in natural river
system usually occursin varied flow fieldsand inanisotropic
and heterogenous media. Because the applicability of ana-
lytical solutionsis extremely limited for such conditions,
numerical techniques are essential for underground pollu-
tion simulation. Mecarthy (1989), Li & Wang (2004), Li et
al. (2005) and Basha & El-Habel (1999) made much work
about the uncertainissues. Among the numerical techniques,
the grey numerical method hasbecome very popular and is
recognized as a powerful numerical tool. The distribution
and transport of pollutants mentioned by Liu et al. (1999),
Chen & Wagenet (1995), Xu et al. (2002) in groundwater
are controlled by physical chemistry and biology functions,
which include advection, diffusion, dispersion, sorption,
decay and biodegradation. In the courses, there is not only
the known informati on but al so uncertain information. There-
fore, it can be seen as one grey system. Cons dering the above
mechanism synthetically, two-dimensi onal grey model about
river water pollution isbuilt in thispaper. It hasthe signifi-
cant practical value for the research of grey simulation of
river water pollution.

Based on the grey theory, grey characters of river environment system were analyzed. The velocity and
dispersion coefficient and attenuation in river were considered as uncertainty parameters and expressed as
grey parameters. A grey differential equation of contaminant diffusion in river was built. And the equation has
special structure. The truncation error of finite differential method in solving the model was corrected. According
to the model, distribution values of pollutant concentration under sudden pollutant discharge can be obtained
directly, which can provide abundant and useful water quality information for the plan and control of water
pollution. It is shown that the calculated results obtained from the grey model are reliable and reasonable.

ESTABLISHMENT OF THE FINITE DIFFERENTIAL
EQUATION OF ATMOSPHERIC POLLUTION

Grey character sin water environment system: Water en-
vironment can be seen asan open system of large-scale sys-
tems. Flow rate, pollutant concentration, diffusion coeffi-
cient and attenuation coefficient parameter information in
river system exist uncertainty. In these uncertainties, some
information isan objective existence, and some are not en-
tirely caused from the measured data, and some are caused
by unclear inherent mechanism and unclear understanding
of the changing law. But no matter what reasons the uncer-
tainty is brought, would lead to decision-makers on water
environmental systems on the subjective perception of un-
certainty, that is unascertained. So, velocity and dispersion
coefficient and attenuation in river are considered asuncer-
tainty parametersand expressed asgrey parameters. Andthe
advection-dispersion equation is studied based on grey
theory.

Grey numerical model for one-dimensional water
quality: The mathematic model of solute transport equation
can bewritten asfollows:

(Au)

T1(Ac) - (AE) ﬂZ(AZC) )
qt x
Where, Acis grey concentration of pollutant in section,
mg /| ; AE isthegrey diffusion coefficientsin thelandscape
orientation, m2 / s; Au isgrey velocity in section; t istime,
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S; and X isdistance, m.

Toany differentid equation, itssolution can only besolved
in specid initial condition and boundary condition. In this
paper, the constrai nt condition can be described asfollows:

Ac(x,0)=0 x>0
,ﬁ\c(O,t) =G, t3 0 e
Ac(L,t)=0 t=0

Finite difference equation can replace differential equa-
tion asfollows:

1(Ac) _ (Ac)™ - (Ao)y
it Dt

ﬂZ(AC) — (Ac)i+1' Z(Ac)i +(Ac)i-1
™ (Dx)?

ﬂ(AC) - (Ac)iﬂ_ (AC)|
ix Dx

Because the finite difference approach uses limited de-
velopments of derivatives, it is only an approximation of
partial differential equations leading to truncation errors.
Truncation errors affect the accuracy of numerical
simulations. A Taylor series expansion of ¢ about any grid
point isused to determinethe form of truncation errors(Zhu
et a. (2006). If termsof third and higher ordersare neglected,
then:

T(Aq) , D °(Ag)

(Ao » (Ac)), +It

it G (3
(Ac),; » (Ac), £ Dx———=~ (A ©) , DX T°(Ac) +0(Dx%)
ix 2 x?

(4

iy Ty*

The second-order temporal derivative of ciswrittenin
termsof spatial derivatives using the differentiated form of
eg. [11]. The transport parameters are assumed to be con-
stant within each combination of time and spaceincrements
in the finite difference calculations. Thus, to second order
accuracy:

(RO, » (Ao)!, +Dy

1°(AC) _
Mt

2(AK)(AD,)

=[(Au)*-

2(AK)(AD,)] L{jc)

(AC)

..(6)
ﬂ(A C)

2(Au)(AK) L 22) 4 (AK)2(AC)

Eq. (6) may then bewritten as:
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“(’;t )=} (AD,)- JAWF - 2AAk(AD, )]i“gﬂ (O,
[(AD,)+DtAK)AD,, )]ﬂ (’;C) [(Au) +Dt(Au)(AK)] MAQ)
[(Ak)+3(Ak)2](AC)+S(x, yit)
(7
Namely:
< . Dt ., « s o
(AD,) =(AD,,)- %[(AU) - 2(AK)(Au)]
(AD,) =(AD,)+Dt(Ak)(AD,)
(Au)" = (Au) + Dt(Ak)(Au)
(Ak) = (Ak)+— (Ak)
Eq. (7) can besumpllfled as.
ﬂ(AC):(AD y 1 (AC)+( AD,) 1°(AC)
it x> fy?
..(8)

- (Au)’ % - (AK) (AC)+5s(x,y,t)

To removethe induced truncation errors from the finite
difference model, the model can be rewritten as:

(o BON, - 2AC)T+ (RO, |
(Dx)?
(0, y RO - 2A0) T + (AC,
(Dy)
KoVt (AC in++11,j - (AC in—+11,j
- (Au) 2 Dx - (9
A A n+l _ ('AC:)IH*J‘1 - (AC)In]
(Ak) (AC)i,j - Dt
Where,
(AE,) Dt _ (AE) Dt .
o x T = AA- y - .
0’ Oy
M =AM
2Dx

-[AA+AM)]AC),
-[AA- AM)AO)T, .(10)
- (AB)AC)!, - (AB)YAC), =(AC),



MODELLING OF GREY DIFFERENTIAL MODEL OF RIVER WATER POLLUTION

Adopting the same picking-number with the grey
number, the two following equations can be obtained.

(@AAI+2ABI+HK]R DG - (Al+MDICT,
(Al IMDICT, - [BIGKS - (BIGK, =[c.r, (1t

(@AI+2B]+HKPO+ICIT- (AIHMDIGT;

-(Al- IMDIGTS, - [BIGTT - [BIGTT. =IGT)

.(12)

The equation has the special structure, which can be

solved by the special method [3][11].
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f,lM =gy +Dtxs,; f* =c) +Dig,

The two equations can be solved by turnsas following,

and the grey concentration of groundwater quality (c, c,)
can be obtained.

& VihID & YiHID & ViR S LL
& Y530 ¢ Y9I & ViR S LL
.(14)
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Fig. 1: Impact of grey diffusion coefficient on migration of pollutant.
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Fig. 2: Impact of grey velocity on migration of pollutant.
or
—¢,— Classic solution

n —¥.— Grey solution
A Observed data

5

ar

Concentration in mg/L

20
Time/d

Fig. 3: Impact ot grey decay coetficient on migration ot pollutant.
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APPLICATION

Toone-dimensiona river water pollution problem, the gov-
erned equation and constraint condition can be described as
equationl and equation 2. In order to verify the model, the
grey result will be compared with classic numerical solu-
tion. For information input, relationship of decay coefficient
kand (k,, k) with pollutant concentration cand (c,, c,), and
velocity uand (u,, u,) with pollutant concentration are needed
to be considered. In order to analyse the sensitivity, when
analyzing one parameter’s influence on pollutant concen-
tration, other parameters remains unchanged, and grey pa-
rameter can float itslower and upper value 10%. The param-
etersare asfollows:

k=02,k, =018,k =022,u=4m/s,u, =3.6m/s,
u, =4.4m/s,E =400, E, =360, E, =440

The calculated results can be seen from Figs. 1to 3. We
can seethat the curve of contaminant transport by grey nu-
merical model isone” grey grip”. That isto say the value of
grey numerical model changesin some ranges, but not one
certain value. While the analytical solution is within the
ranges, this reveals that the method is reliable. In present
study, the data of hydraulic and water quality in river water
system isabsent, so the grey mathematic model can be ap-
plied to the fields. Influence scope of decay coefficient is
lager than other parameters.

CONCLUSIONS

1. Itisreasonable andreliablethat simulation and prediction
of groundwater quality with uncertain information is
made by grey mathematic, which provides one new
method to simulate and predict the groundwater quality.

2. Compared with analytical solution, some uncertain
parametersin grey model such as dispersion coefficient
and seepage velocity can be given grey ranges. Theresult
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is one grey strip which has great advantages for the
application of model and decision-making.

3. The numerical model in this paper has the common
applicability to the surface water pollution and
convection-diffusion equation.
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